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Local Buckling of Delaminated Composite Sandwich Plates
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A two-dimensional model of the delaminated face sheet of sandwich plates for predicting local buckling using
continuous analysis is presented. The analysis procedure can handle without difficulty sandwich plates having
single or multiple embedded delaminations of various shapes and sizes at any locations. The continuous analysis
treats the delamination between a face sheet and the core as a continuous system of a perfectly bonded laminate
on the core but with an added fictitious force system to make interfacial tractions to vanish over the delaminated
region. The method presented in the study is straightforward, simple, and accurate for determining the buckling
load of delaminated sandwich plates. A number of numerical results accounting for the effects of transverse normal
and shear stiffnesses of the core on the buckling load of sandwich plates having delaminations of various shapes
and sizes at different locations are presented. The illustrative examples indicate that the present method is effective
and useful for practical applications.

Nomenclature
laminate extensional stiffness
effective contact area of core per unit area of face
plate
length and width of rectangular sandwich plate
length and width of rectangular delamination
thickness of core
laminate bending stiffness
Young's modulus of core in the z direction
transverse shear moduli of the core
transverse normal resistance of core, = Ec • Ac^/
nondimensional transverse normal and shear
stiffnesses of core; kf =
sx = SfXb/E2Tt, and sy =
number of discrete points taken in the delaminated
region
uniaxial buckling load in the x direction
distributed transverse force from the foundation
added transverse forces at discrete points in the
delaminated region
y component of transverse shear stress from the core
added transverse shear force in y direction at /th
discrete point in the delaminated region
radius of circular delamination
thickness of face sheet
displacements of face sheet
x component of transverse shear stress from the core
added transverse shear force in x direction at /th
discrete point in the delaminated region

Introduction

D ELAMINATION is one of the rncfet common flaws in com-
posite structures. Delaminations may occur as a result of vari-

ous reasons such as manufacturing imperfections, impact of foreign
objects, or high stress concentrations in the area of geometric or
material discontinuities. Delaminations reduce the stiffness of the
structure and make it easier to buckle under compressive load.
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Sandwich plates consisting of orthotropic or anisotropic face
sheets separated by core material have widespread applications be-
cause they are capable of providing lightweight construction. Need-
less to say, new materials such as nonmetallic honeycombs and plas-
tic foams are often used as core materials, and the fiber-reinforced
composite laminates are increasingly used for face sheets. For com-
posite sandwiches, the interface between the face and core may be
weaker than those in layered composite laminates or core materials.
Generally speaking, delaminated composite sandwiches are referred
to as sandwiches having interface cracks between a face sheet and
the core. This study focuses on the sandwich plates having single
or multiple embedded delaminations.

Since Chai et al.1 established the one-dimensional model for the
buckling analysis of beam plates with delaminations, a number of
investigations2"8 concerned with this subject have been presented.
Studies on two-dimensional modeling for buckling analysis of el-
liptic delamination under compression can be found in Refs. 9-14.
Although there are studies dealing with buckling of composite sand-
wich beams, such as Refs. 15-17, most earlier investigations do not
involve delamination. Kardomateas18 extended the work by Kardo-
mateas and Schmueser6 for the case of a beam plate on an elastic
foundation. Somer et al.19 developed a theoretical model based on
the earlier work of Chai et al.1 to study the local buckling of a de-
laminated sandwich beam. Frostig20 investigated the delamination
behavior at one of the skin-core interfaces in a beam. Hwu and Hu21

presented a one-dimensional mathematical model similar to that by
Chai et al. ' for analyzing the overall buckling of delaminated sand-
wich beams. Based on the continuous analysis method of Wang,22

Cheng et al.23 presented a one-dimensional analytical model for the
local buckling of a delaminated sandwich beam. Wang and Huang24

employed continuous analysis to evaluate the strain energy release
rate of delaminated composite plates. However, no analytical work
has been found by the author in open literature concerning prob-
lems of sandwich plates having multiple delaminations with various
shapes, sizes, and locations.

The objective of this study is to formulate an analytically tractable
two-dimensional model accounting for the normal as well as tangen-
tial resistance of the core to the face sheets for the title problem on
one hand and to demonstrate the applicability of the analytical pro-
cedure of the continuous analysis for analyzing the discontinuous
sandwich structures with delaminations on the other. It appears to be
too difficult if not impossible to analyze such structures with delam-
inations of arbitrary numbers, shapes, and locations. Although other
numerical procedures such as the finite difference, finite element, or
boundary element methods are powerful tools, which are capable of
handing complex problems such as the present one, they are suited
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for specific problems and become cumbersome and not economical
for exploratory studies as one must generate meshes for each indi-
vidual case separately in general. Although the accuracy of these
numerical procedures depend on the model of the elements used, it is
generally difficult to assess the errors involved; the continuous anal-
ysis procedure provides the solutions of the governing differential
equations that should accurately describe the behavior of the entire
structure. Since the continuous analysis procedure can be used for
delaminated structures as long as the exact solutions for the corre-
sponding structure without delamination can be obtained, we have
considered rectangular plates for which solutions are represented
by Fourier series; solutions presented in this study are anticipated to
converge to exact solutions. Since the continuous analysis method
has no limitation on it£ applicability to disbonded structures, and
the procedure is simple to follow and effective, it is more suitable
for the present problem than other numerical procedures, including
the finite element analysis. Consequently, the continuous analysis
method is used in the study.

Formulation
The local buckling of one of the face sheets made of fiber-

reinforced composites having a multiple number of disbonds from
the core is considered. The usual assumptions that the sheets are
much thinner than the core, that only transverse normal and shear
resistance to the face sheets are provided by the core, and that there
is no coupling of transverse normal and shear resistance are consid-
ered. Consequently, face sheets take all the in-plane loading. These
basic assumptions have been commonly used as may be traced back
in the early work of Heath25 on sandwich structures. If the shear re-
sistance of the core is neglected, the problem reduces to a plate on a
Winkler foundation, and only transverse displacement as a result of
bending of the plate is involved. Since the normal as well as shear
stiffnesses of the core are accounted for in the present study, the
analysis becomes much more involved as the in-plane forces and
deformation are coupled with the bending and transverse displace-
ment of the face sheet. Following the same idea used in Ref. 23,
the modified continuous model, based on the commonly accepted
Kirchhoffean plate theory, for this case is shown in Fig. 1. We con-
sider that any ith subdivision in the debonded region is the same
as the element in the perfectly bonded region on an elastic founda-
tion of the core but with unknown fictitious normal and shear forces
q\, Vj, and /?/ added in each subdivision so that the net traction at the
interface at every subdivision vanishes during buckling. According
to the aforementioned model for the continuous analysis procedure,
we divide the debonded region into N subdivisions and require that
the conditions

q(x, y ) d x d y = qh V(x,y)dxdy =
AA/

and

J J A/4/
R(x, y ) d x d y = /?/

be satisfied at each subdivision in the delaminated region, which
leads to 3N equations for N sets of three unknown fictitious forces
and the buckling load parameters.

The equilibrium equations governing the buckled state of the face
sheet are as follows:

+ ( la )

<Wry QNV A
— — + — - + R - V Ri8(x - x , ) 8 ( y - yi) = 0 ( I b )

<)x dy — f

+

32w

Y/Ri8(x-xi)8t(y-yi) ,1=0 (1C)

where (Nx, A/v , Nxy) and (Mv , Mv , Mxy) are stress resultants and
stress couples, respectively; 8(x — x t ) and 8(y — j/) are the Dirac
delta functions; and x and y are in-plane coordinates.

For homogeneous orthotropic face plates, /?,-/ = A 1 6 = A26 =
D i6 = D26 = 0, the constitutive equation is

Nx

Ny

Nxy

M,
My

MXy

'AH A 1 2 o | ^
A 12 A22 0

0 0 A 66

0

\

0

D, i D12 0
D,2 D22 0

0 0 D66 y

^.vy
(2)

in which

(3)

K V V = -2

subdivision

where «, i>, and ?/; are in-plane displacements of the middle plane and
transverse displacement of the face plate, respectively; (£ v , 6 V , e x y )
are in-plane strain components; and (KX, /cv , A:AV) are curvature com-
ponents. By substituting Eqs. (2) and (3) into Eqs. (la-lc), we
obtain

(4a)

Fig. 1 Model of sandwich face plates for continuous analysis.
R - (4b)
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- 2JV,V• v3xdy ' dy2 -q+

34w 32w
•D22——-NX ——

3y4 3x2

- x,)8(y - y,

- ) -0 (4c)

We are only interested in the critical buckling loads of the face
plate under compressive loadings Px and/or Py in the x and y direc-
tions, respectively, in the present study; i.e.,

Nxy = 0 A/, = -Px Ny = -Py (5)

For the core of the sandwich plates, the following load-deformation
relations based on the commonly used simple model are used:

q — q(x, y) = —kf • w (6)

with

(7a)

(7b)

with
[u + (f/2) ( 3 w / 3 x ) ] [v + (t/2) ( 3 w / 3 y } ]

(c/2) ' - ' 4 (c/2)
For the sake of convenience, we define two parameters s f x —

Gxz/c and Sfy — Gxz/c. Thus, Eqs. (7a) and (7b) can be rewritten
as follows:

3x

(8b)

By substituting Eqs. (5), (6), (8a), and (8b) into Eqs. (4a-4c), we
may rewrite the governing equations as follows:

32u 32v /32u 32v \
A , , — ^ 4- A I2—-- 4- A66 —- 4- —— )+2sfxu3x2 3x3y \dy 3x3y J

(9a)4- ^/. - XI K'^U - Xf)S(y - yi) = 0

32u 32v
+ ——r

32u 32v
i——— 4- A 22—7 4- 2sfvv'3x3y 3y2

3w \^ (9b)

Analytical Solution
For an a by b rectangular plate with all hinged edges, which are

free to move in the in-plane normal direction, the boundary condi-
tions are at x = 0, a,

w = 0,

u = 0,

at y = 0, b,

w = 0,

= 0 ( lOa)

o2 ^2

*y = ~D12 Vr ~ D^-—^ = ° (10C)

3 u 3v
V = A , 2 — + A2 2— =0 (10d)

The displacements satisfying the preceding boundary conditions
are represented by the following double Fourier series:

( l l a )

( l i b )

u = umn cos otmx sin (3ny

mX COS f$n

w = > > wmn smamx sin pn y
m=\n=\

in which otm — mn/a, and ft, = nn/b:
We also expand the fictitious loadings to Fourier series,

DC OC / N

E
m = () n = 1 \ / = 1

OC DC / N

(12a)

= E E 1 E ^'F'»'" sin a,,,^- cos A,

oc oc / N

(12b)

(12c)

smamxsinpny (12d)

+ ̂

• 2 ( D , 2 -

r,9(rw
9y2

t-sfx 32w

4-

- = 0 (9c)

OC 00 I N

: E
m=\ n=\ I ' = 1

where

^ = (2/ab) sin f t n y i

(12e)

£()J = (2/ab) sin amXi

mXi sin pny{

^ni = (4/ab) sinamXj cos ft, y/

mXj sin ft, y,
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By substituting Eqs. (1 la-1 Ic) and (12a-12e) into Eqs. (9a-9c), we
obtain

a\\umn + 012^/77/7

a2\umr

(13a)

(13b)

V, Anm' + fl/£1*1,1) (13c)

where

022 = —

033 -

013 —

~mnn2RA\2

032 =

(l//?2)m47r2 + 2(D12/D22)

2(D66/D22)m2n2n4 n2n2R2P

K ̂  cos aOT^/ sin ̂ ,?

i R sin aw jc/ cos fin

mni = 4 P ̂ / ̂  sin am jc/ sin ̂

D/?7/?/ = -2 V;-fm7T cos Qfm^c,- sin

= —2 Xj cos

with

D22

A 66 =

A2 2-

Px = Pxb2/D22

Vj = Vjb/D22

qi=qib/D22

Ri = Rjb/D22

R = a/b t =

By employing Cramer's rule to solve the algebraic equations in
terms of umn, vmn, and wmn, we obtain

(14a)

(14b)

wmn =
Nv (14c)

in which

Am,7/ = (1/A)(0220|3 — «12023 )Cm

Bmni = (1/A)[(022033 -a32a23)Amni - (0!2023

Cmm = (1/A)[(032013 -012^33)^/77/7/ - («12«23

D/77/7/ = ( l /A)(0n02 3 -02i0i3)C /,7/7/

Emni = (1/A)[(03 102 3 - 021033)^/77^- - ( < 2 2 1 « I 3 - «1 1«23) A/7/7/]

Fmni = (l/A)[(0n033 -03i0i3)5mm- - (091013 -«ll«23)£i77/7/l

G/?7,?, = (l/A)(-0n02 2 +a2\ai2)Cmni

Hmni = (1/A)[(021032 - 03i022)A /?7,7/ - (0n022 - 0 2 i0i 2) A/7/7/1

Imni = (l/A)[(03i0,2 -a\\a^2)Bmni - (0M022 - a2ia\2)Emni]

with

A =
0n a\2 0i3
021 022 023

031 032 033

Now, we have general solutions for u, v, and w from which we
obtain q(x,y),V(x,y),andR(x, y) from Eqs. (6), (7a), and (7b),
respectively. To require net interfacial stresses in the delaminated
region to vanish, the following conditions must be satisfied at every
subdivision:

(15a)

(15b)

(15c)

in which A Ay represents the area of the y'th subdivision in the
debonded region; the subscript j ranging from 1 to N is the number
of subdivisions in the debonded region that are considered to be
rectangular or circular shapes, as shown in Figs. 2a-2d. The rectan-
gular delaminated region is subdivided into rectangular subdivisions
where fictitious forces are applied. However, for circular regions,
radial and circumferential lines are used to subdivide the delami-
nated regions. Equations (15a-15c) may be approximated for small
enough AA ; by

q(x, y)dxdy = 07

II V ( x , y ) d x d y = V j
J JAA;

R ( x , y ) d x d y = R;

at x = x j,

at x — x j,

at x = x j ,

(16a)

(16b)

(16c)

Substitutions of Eqs. (6), (8a), (8b), and (1 la-1 Ic) in conjunction
with Eqs. (14a-14c) into Eqs. (16a-16c) yield a system of 3N ho-
mogenuous algebraic equations that could be written in a matrix
form as follows:

(17)
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a) Central rectangular delamination

b) Central circular delamination

fxh

exa
c) Multiple delaminations

d) Multiple delaminations

Fig. 2 Simply supported square sandwich plate with different types of
delamination subjected to uniform uniaxial compression.

Here [A] is a 3N x 3/V matrix containing buckling loads as param-
eters, and {X} = [qj V/ RJ]T for / ranging from 1 to N is a 3A/ x 1
column matrix. Equation (17) may be expressed as

(18)

where

A*H = mXj sin ft, y;

xBmni + VxmnHmni)cosamXj shifty - <$//

D/' =

Xj sin ft, y,-

,™/) sina,,,*,- cos ft, y,-

cos

, sin «„,*,• sin ft,y,-

with

O, =
022 -A *.v=

For buckling ploblems, the critical buckling load may be de-
termined by requiring the determinant of the coefficient matrix of
Eq. (18) to vanish.

Numerical Examples
Numerical results of several examples of the method and pro-

cedure schemes for treating rectangular and circular delamination
shapes and for providing limited data to indicate effects of delamina-
tion size, location, and interaction of adjacent delaminations are ob-
tained. Although the actual shape of delamination would generally
be irregular, we established the schemes for handling rectangular
and circular shapes with the only intention that they may potentially
be used together to approximately describe actual irregular shaped
delaminations in future studies. The data for the material properties
are E, = 40 E2, G\2 = 0.5E2, and i;,2 = 0.25, where subscripts
1 and 2 denote directions parallel and transverse to the fiber direc-
tions, respectively; and the nondimensional parameters kf, sv , and
sy are used in all examples.

Rectangular Delaminations
We first consider a square sandwich plate with 0-deg laminated

face sheets having a central square delamination subjected to a
uniaxial compression PA , as shown in Fig. 2a. Numerical results
obtained by the present analysis for the uniaxial buckling load
Pxb2/ E2t3 are listed in Table_l . As expected, the buckling load de-
creases as the core stiffness (kf, sxt sy) decreases and as the delam-
ination size (a(i and /?,/) increases; the buckling load corresponding
to very low stiffnesses of the core and very large delamination size
should be close to that of the plates without foundation. A limited
number of numerical results are presented in Table 1 for illustrat-
ing the anticipated facts and for validating the method of analysis
and the computer program. All numerical data given in Table 1 are
obtained by increasing the number of subdivisions until converged
solutions are reached. Numerical results shown in the sixth and sev-
enth rows of Table 1 indicate that when sx(=sy) are reduced from
0.0 1 to 0.00 1 , the buckling load parameter given in the last column
is reduced but slightly from 55.619 to 54.140, which amounts to a
less than 2.66% reduction. When comparing corresponding results
in rows 1-3 with those in 4-6 rows, respectively, buckling loads
are reduced by over 69% when kf is reduced from 0.01 to 0.001
with sx(=sy) increased from 0.001 to 0.01. These results indicate
that the effect of kf to the buckling load is more significant than
sx and sy. The remaining results listed from the seventh row down
indicate that the buckling load parameter corresponding to low core
stiffness £/• — sx = sy = 0.001 becomes closer to the buckling load
of 35.831 for the plate without foundation when the size of the de-
lamination a,i(=b(i) increases.26 The present results for a(i/a with
a(i = bd being 0.9 and 0.95 are 38.854 and 35.849, respectively.
More comparisons for buckling loads of a sandwich plate with a
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Table 1 Buckling loads for a square sandwich plate with one
face sheet of composite 0-deg laminate having a central

square delamination

a(i/a

0.01
0.05
0.10
0.01
0.05
0.10
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0.95

bd/b
0.01
0.05
0.10
0.01
0.05
0.10
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.95

*f
0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

sx

0.001
0.001
0.001
0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

Sy

0.001
0.001
0.001
0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

Pxb2/E2t3

183.61
183.00
182.23
56.454
56.262
55.619
54.140
52.225
49.136
45.299
41.829
39.294
37.447
36.226
35.854
35.849

for (a)

00 0.02 0.04 0.06 0.08

Fig. 3 Effect of transverse stiffnesses of the core on uniaxial buckling
load (ad/a - bd/b = 0.1): a) various kf with sx = sy = 0.001 and b)
various sx = sy with kf = 0.001.

Table 2 Uniaxial buckling loads for
square sandwich plates with one face
sheet of composite (±0)oo laminate

having a central square delamination

e
0

15
30
45
60
75
90

Pxb2/E2t3,
presenta

35.849
43.781
59.849
67.551
54.196
25.196
13.156

Pxb2/E2t\
Ref. 25b

35.831
43.760
59.619
67.548
54.115
25.129
13.132

aPresent analysis with aa/a = 0.95 and kf — sx —
Sy = 0.001.

^ Solution of simply supported square composite
laminates (corresponding to a(i/a = 1.0).

large delamination size of ad/a — 0.95 by bfi/b = 0.95 and very
small core stiffnesses (kf = sx = sy = 0.001) from the present
analysis to that of Ref. 25 for simply supported square composite
laminate, with different fiber orientations, are given in Table 2. Re-
sults listed in Table 2 show that the values of the present analysis are
all close to those of Ref. 25. The confirmation of anticipated facts
and excellent agreements to existing exact solutions show that the
present analysis is effective and reliable. Inasmuch as the size of the
delamination varying from as small as O.Ola x O.Ola to as large as
0.95a x 0.95a are involved, this indicates that the method has no
limitation on the size of delaminations.

To provide some indication of the effect of the core stiffnesses,
a central O.la x 0.1 a delamination in a square plate having 0-deg
face sheets as shown in Fig. 2a is considered. The uniaxial buckling
load varies with core stiffnesses. The nondimensional uniaxial buck-
ling loads with varying transverse stiffnesses are shown in Fig. 3;
the buckling load varies nearly as linear functions of core stiff-
nesses. The variation is rapid for kf ranging from 0.01 to 0.06 with
small core shear stiffnesses sx == sy = 0.001 and is slower for kf
ranging from 0.06 to 0.1. For kf = 0.001, the buckling load pa-
rameter varies gradually as shear stiffnesses of sx(=sy) vary from
0.01 to 0.04 and rapidly from 0.04 to 0.1. Note from curve a that
the buckling load increases by as much as about 130% when the
normal stiffness of core kf increases from 0.01 to 0.06, whereas it
exhibits only about an 18% increase when the normal stiffness in-
creases from 0.06 to 0.1. From curve b, the buckling load increases
as much as about 113% when shear stiffnesses increase from 0.04
to 0.1, whereas it exhibits only about 15% increase of buckling load
when the shear stiffnesses increase from 0.01 to 0.04._Results shown
in Fig. 3 reflect that the effect of normal stiffness kf on buckling
load is more significant than the effect of shear stiffnesses sx and sy.

180 -

160 -

140 -

120 -

100 -

80 -

60 -

40 -

0

*--«--i— ' ' ' ' ' ' '

\
\ -^^ (c)\ :\\\\

\
"~"̂ -̂ --*---̂ x,x \̂

i i i i i i i i i
0 0.2 0.4 0.6 0.8 1

adla
Fig. 4 Effect of delamination size on uniaxial buckling load: a) kf =
0.001 and sx = sy = 0.001, b) kf = 0.01 and sx = sy = 0.001, and c)
kf = 0.001 and sx = sy = 0.01.

To investigate the effect of delamination size on the buckling
load, we again consider a square delaminated sandwich plate with
0-deg composite face sheets under uniaxial compressive load of
Px on a face sheet. With a(i/a = bd/b, variations of the buckling
load parameter with respect to the delamination size characterized
by ad/a from three different combinations of core stiffnesses are
shown in Fig. 4. As expected, the buckling load decreases as the
delamination size increases. Curves also show that the increase of
buckling load as a result of the increase of kf is substantially higher
than the increase of sx and sy for delamination size ad/a less than
about 0.75, and the rate of reduction of the buckling load is much
more rapid for plate with kf = 0.01 than that with kf — 0.001
when the delamination size a,//a increases from about 0.2. These
results indicate that the effect of delamination size on the buckling
load depends more heavily on the normal stiffness than the shear
stiffnesses of the core.

To explore the effect of the delamination location on the buckling
load, we consider a square sandwich plate having a 0.1 a x 0.1&
square delamination with its center location varying along x —
a/2. The nondimensional uniaxial buckling load corresponding to
various delamination locations and transverse normal stiffnesses
with sx = sy = 0.001 are shown in Fig. 5. There is no significant
effect of the delamination location on the buckling load probably
because of the small delamination size, which is 1% of the total
plate area.
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Table 3 Buckling loads for a square sandwich plate
with one face sheet of composite 0-deg laminate having a

central circular delamination

0.01
0.05
0.10
0.01
0.05
0.10
0.10
0.20
0.30
0.40
0.45

0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

0.001
0.001
0.001
0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001

0.001
0.001
0.001
0.01
0.01
0.01
0.001
0.001
0.001
0.001
0.001

183.47
182.29
181.55
56.440
55.777
53.462
52.352
46.855
40.368
36.884
35.984

MU

480 -

450 -

420 -i

360 -
-

330 -

300 -

270 -

240 -

210 -

180 -1

0

-

s m TI —— ̂  ———— ®J ——————— tb —— ' •JJ ^
14 /'

byLv;v;/Y/x/, j
n kf = o.oi j—4 — '
0 fr . - nofi - y

-&- ^ - o.i :

-
1 , 0 D D D ————

.0 1.0 0.2 0.3 0.4 0

Fig. 5 Effect of delamination location on uniaxial buckling load (0,4!a =
bdlb = 0.1 and sx=sy = 0.001).

Circular Delaminations
We consider a square sandwich plate with composite 0-deg lam-

inate face sheets having a central circular delamination of radius rd
as shown in Fig. 2b. The nondimensional uniaxial buckling loads
for this plate with various delamination sizes and core stiffnesses
are given in Table 3. All numerical results are consistent with those
for rectangular delaminations to reflect the anticipated facts that the
buckling load decreases as kf,sx, and sy decrease and as the de-
lamination size increases. Again, the buckling load of the plate with
very small stiffnesses of the core (kf = sx = sy — 0.001) reduces
to 35.984 for rd = 0.45, which is very close to the value of 35.831
for the simply supported square composite 0-deg laminate given in
Ref. 26. The scheme established for subdividing the circular delam-
inated region between radial and circumferential lines should give
more accurate results than the use of rectangular subdivisions for
the present class of problems. Seemingly, the present subdividing
schemes may be extended to delamination shapes that have a com-
bination of rectangles and circular sectors or to delaminated regions
having curved boundaries.

To explore the effect of delamination size on the buckling load, we
use the same square sandwich plate considered before but a circular
delamination as shown in Fig. 2b. Buckling corresponding to various
delamination sizes is shown in Fig. 6. Obviously, it displays results
similar to those shown in Fig. 4 for the plate with a rectangular
delamination.

Multiple Delaminations
To show the capability of the present analysis on a sandwich plate

with multiple delaminations, we consider the case of a square sand-
wich plate with composite 0-deg laminated face sheets having two
separated delaminations for which one is rectangular and the other
one is circular. One delamination center is located at the center of
the plate, and the center of the second delamination is located off

Table 4 Buckling loads for a square sandwich plate with one
face sheet of composite 0-deg laminate having two separated

delaminations (kf - 0.001 ands* = sy = 0.001)

e(f = 0.0) Pxb2/E2t3 e = f_______Pxb2/E2t3

Case a: multiple delaminations shown in Fig. 2c
0.25 166.48 0.25 167.41
0.30 170.00 0.30 172.81
0.35 174.71 0.35 179.55

Case b: multiple delaminations shown in Fig. 2d
0.25 180.54 0.25 181.16
0.30 180.66 0.30 181.35
0.35 180.95 0.35 181.47
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Fig. 6 Effect of delamination size on uniaxial buckling load: a) kf -
0.001 and sx = sy = 0.001, b) kf = 0.01 and sx = sy = 0.001, and c)
kf = 0.001 and sx=sy= 0.01.

the center of the plate. They are referred to as central and off-center
delaminations, respectively. The location of the center of the off-
center delamination is specified by e and / as shown in Figs. 2c
and 2d. The size of the square delamination is considered to be
a a = Q.2a, and the radius of the circular delamination r,/ = O.\a
is used. Table 4 gives the nondimensional uniaxial buckling loads
for kf = 0.01 and sx = sy — 0.001 corresponding to different lo-
cations of the off-center delamination. Case a in Table 4 associated
with Fig. 2c concerns the sandwich plate containing a central square
delamination. Results showing small decreases of the buckling load
as the off-center delamination moves closer to the central delamina-
tion indicated a mild interaction of the two separated delaminations.
The lowest value of 166.48 for the buckling load parameter given
in the table for case a compared with 181.38 for a plate with a
single central rectangular delamination amounts to a less than 9%
reduction. Case b in Table 4 associated with Fig. 2d, concerning
a sandwich plate that contains a central circular delamination and
an off-center square delamination, exhibits the same phenomenon
described in case a. The lowest buckling load for case b in Table 4 is
180.54, which represents a less than 0.56% reduction from 181.55
for a sandwich plate having a single central circular delamination.

Concluding Remarks
A two-dimensional model of a delaminated face sheet of sand-

wich plates, on the basis of the Kirchhoffean plate theory, has been
proposed. The concept of the continuous analysis procedure pre-
sented in this study has shown its applicability for analyzing sand-
wich plates with single or multiple delaminations.

According to the results obtained in this study, we can make the
following concluding remarks.

1) The method presented in the study is simple, straightforward,
and effective.
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2) Although the extent of the delamination affecting the critical
buckling load of sandwich plates depends on the size, number, and
location of delaminated regions and stiffnesses of the core, no gen-
eral conclusive statements can be made as only limited results for
only specific materials have been computed for illustrative purposes.

3) The effect of normal stiffness of the core kf on buckling load
is more significant than the effect of shear stiffnesses of the core sx
and sy.

4) The interaction effect of separated delaminations appears to be
mild.
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